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ABSTRACT
We prove a local variational principle of pressure for any given open cover.
More precisely, for a given dynamical system (X,T'), an open cover U of
X, and a continuous, real-valued function f on X, we show that the
corresponding local pressure P(T), f;U) satisfies

P(T, f;u):sup{hu(T,Z/l)Jr/ f(z)dp(x) : pis a T-invariant measure},
X

moreover, the supremum can be attained by a T-invariant ergodic mea-
sure. By establishing the upper semi-continuity and affinity of the entropy
map relative to an open cover, we further show that

(U = _int {P(T, fi - [ fdu}

for any T-invariant measure pu of (X, T), i.e., local pressures determine
local measure-theoretic entropies. As applications, properties of both
local and global equilibrium states for a continuous, real-valued function
are studied.
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1. Introduction and main result

Topological pressure is a generalization to topological entropy for a dynamical
system. The notion was first introduced by Ruelle [24] for expansive dynamical
system and later by Walters [26] for general case. Let (X,T) be a topological
dynamical system (TDS for short) in the sense that X is a compact metric
space and T : X — X is a surjective and continuous map. It is known that
certain results concerning topological entropy can be generalized to topological
pressure. In particular, Waters [26] generalized the classical variational principle
of entropy [15, 16, 21] to obtain the following variational principle of pressure:

(1.1) P(T,f)=sup {h“(T) +/ f(@)du(x) : pis a T-invariant measure},
1 b's

where f is a continuous, real-valued function on X, P(T, f) is the topological
pressure of f and, for each T-invariant measure p, h,(T) is the measure-
theoretic entropy of pu.

With the notion of entropy pairs [2, 4] in both topological and measure-
theoretic situations, a notable amount of attention has recently been paid to
the study of local version of the variational principle of entropy. Given a TDS
(X,T) and an open cover U of X. It was first shown in [3] that there is a
T-invariant measure p such that
(1'2) inf hH(T’O‘) > htop(Tvu)a

axu

where hiop(T,U) is the topological entropy relative to U, h,(T,«) is the
measure-theoretic entropy of i relative to a finite Borel partition a of
X, and o = U means that « is finer than 4. A somewhat converse statement
to (1.2) is given in [18]: if p is a T-invariant measure and h, (7T, o) > 0 for each
partition a which is finer than U, then infoyys by (T, @) > 0 and hyop (T, U) > 0.
To make a general investigation on the converse to (1.2), Romagnoli [23] intro-
duced two types of measure-theoretic entropies relative to U: h,(T,U)
and Rt (T,U), satisfying h,(T,U) < b} (T,U) and h,(T,U) < hiop(T,U), and
proved that

(1.3) hiop (T, U) = max{h,(T,U) : p is a T-invariant measure}.

Later, by proving that both h, (T, U) and h;’[ (T,U) have the properties of ergodic
decomposition, it was shown in [17] that the maximum in (1.3) can, in fact, be
attained by a T-invariant ergodic measure. Recently, Glasner and Weiss [12]
proved that if the system (X, T) is invertible, i.e, T'is a homeomorphism, then
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the local variational principle is also true for h;’[(T,U), ie.,
(1.4) hiop(T,U) = sup{h} (T,U) : pu is a T-invariant measure}

(see also [19] for a relative version). It also follows from [17] that the supremum
in (1.4) can be attained by a T-invariant ergodic measure.

The main purpose of this paper is to generalize the above local variational
principles of entropy to the case of pressure. Our main results are stated below.

THEOREM 1 (Upper semi-continuity and affinity): The local entropy map
hyy(T,U) is upper semi-continuous and affine on the space of T-invariant mea-
sures.

THEOREM 2 (Local variational principle): For any f € C(X,R), the local pres-
sure P(T, f;U) of f relative to U satisfies

P(T, f;U) = sup {h#(T,Z/l) +/ fdu(zx) : p is a T-invariant measure}
X

and the supremum can be attained by a T-invariant ergodic measure.

We will also show that local pressures determine local measure-theoretic en-
tropies, i.e., the following holds.

THEOREM 3 (Determining measure-theoretic entropy): Let p be a T-invariant
measure of (X,T). The following holds.
a)

hu(T,U) = inf {P(T,f;u)/xfdu};

feC(X,R)
b) If, in addition, (X, T) is invertible, then

K (T,U) < inf P(T, ;L{—/ dp p.
s < st s - [ gad
Theorem 3 immediately leads to the following.

COROLLARY ([17, 19]): If (X, T) is invertible, then
hE(T,U) = h, (T, U).

The local variational principle of pressure stated in Theorem 2 guarantees
the existence of equilibrium states with respect to a local pressure. Such an
existence is not true in general for a topological pressure, unless some additional
properties (such as expansivity) of the TDS are assumed. Applying our main
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results, another purpose of the paper is to study properties of equilibrium states
for local pressures and to establish their connections with equilibrium states for
topological pressures. We refer the readers to [25] for physical relevance of
topological pressures and equilibrium states.

The paper is organized as follows. Section 2 is a preliminary section in which
basic properties of both local and global entropies and pressures are studied
in both topological and measure-theoretic situations. We prove Theorem 1 in
Section 3, Theorem 2 in Section 4 and Theorem 3 in Section 5. Some applications
of our main results to equilibrium states for both local and global topological
pressures are given in Section 6.

2. Entropies and pressures

Throughout the section, we let (X, T) be a TDS and Bx be the collection of all
Borel subsets of X.

2.1. TOPOLOGICAL ENTROPIES AND PRESSURES. Recall that a cover of X
is a finite family of Borel subsets of X whose union is X and a partition
of X is a cover of X whose elements are pairwise disjoint. We denote
the set of covers, partitions and open covers of X, by Cx, Px and C%, re-
spectively. For two given covers U,V € Cx, U is said to be finer than V
(denoted by U = V) if each element of U is contained in some element of V. Let
Uuvy={Unv:UeU,V € V}. Given integers M, N with 0 < M < N and
U € Cx or Py, we use U] to denote \/fLM T—"U.

For U € Cx, we define N(U{) as the minimum among the cardinals of the
sub-covers of U and define H(U) = log N(U). Clearly, for each U,V € Cx,
HUVV)<HU)+HV),and if V = U, then H(V) > H(U).

Since a, = H (Ug_l) is a bounded, sub-additive sequence, i.e.,

aner § (079 + Am

for any n, m € N, the quantity

1 1
hiop(T,U) = lim EH(ug—l) = inf —HUZ™),

n>1n

called the topological entropy of U, is well-defined (see [1]). The topological
entropy of (X,T) is defined by

hiop(T) = sup hiop(T,U).
ueC%
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Let C(X,R) be the Banach space of all continuous, real-valued functions on
X endowed with the supremum norm. For f € C'(X,R) and U € C%, we define

P.(T, f;U) = inf{ Z supe/®) 1V eCx and V = L{gf—l},
VGVIGV

where f,(z) = 27;01 f(Tiz). Tt is clear that if f is the null function, then
Po(T, 0:U) =log N (Us™") = HU; ™).
For V € Cx, we let a be the Borel partition generated by V and define

* G =V and each atom of 3 is the union of some
2.1 = :
@n  Pv) {ﬁ € Px atoms of «a. }

LEMMA 2.1: P*(V) is a finite set, and, for eachn € N,

inf sup e/ (@) = min{ sup ef(®) : g e ’P*(V)}.
BECX,ﬁEVBgﬁIEB B%?IEB

Proof: Let V = {V1,Va,...,Vi}. For any 8 = {B1,Bs,...,B;} € Cx with
B =V, welet iy € {1,2,...,1} be such that sup,cp, fn(z) = sup,cx fu(z).
Since 0 = V, there exists a j1 € {1,2,...,k} such that B;, C Vj,. Let

B) ={Vi }U{Bi\Vj, :i €{1,2,...,1} and B; \ Vj, # 0}
Then ﬁ(jl) S Cx, ﬁ(jl) >V and

Zsupef"(x)z Z sup ef»(®),

BeyvEB Bept) *€B
Let {i € {1,2,...,0} : B;\V;, # 0} ={1 <ri <rpg <. <y <I}
Denote B} = B, \Vj,,i=1,2,...,13. Then B} NV;, =0,i=1,2,...,1; and
ﬁ(.jl) = {‘GlaB%vB%w"aBlll}'

If X\V;, =0, then 8(j1) = {V;,} € P*(V). If X \V;, # 0, then we
let i2 € {1,2,...,1;} be such that SUPye Bl efn(@) — SUPe X\, e/ (*) Since
B(j1) = Vand B} NV, =0,i=1,2,...,1;, there exists a jo € {1,2,...,k}\{j1}
such that B}, C Vj, \ Vj,. Let

6(j1,j2) = {levvjé \le}U{le\vjz S {1,2,...,11} and B; \‘/}2 7é 0}
Then 6(j1,j2) S Cx, 6(j1,j2) >V and

Sup efn(l) Z Z Sup efn(-L)
BeA() °P BEB(142) ° 8
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If X \ (V]l U ‘/32) = (Z), then ﬁ(jlij) = {‘/jl’V}é \‘/31} € P*(V) If
X\ (Vj, UV,,) # 0, then we continue the above procedure. By induction,
we obtain a sequence {ji,Jjo,...,Jr} € {1,2,...,k}, where r < k, such that
U:;ll le 7é X, U;ﬂzl VJr = X’ and

BGisdas530) = {Virs Via \ Vi3 Vi \ (Uv;)}
=1

satisfies
Z sup efn (@ > Z sup efr (@),
Bep *€B BeEB(jt,--,dr) veb
Cleaﬂy, ﬂ(jl)jQ; e 7j7') e P*(V)
Hence
inf Z sup efn(@) — - min Z sup efn(fb)’
PeCx BV £~ veB {i1d2,edr }E{1,2,k} BEB(1Garmsjn) B

where {j1, j2, ..., jr} are such that |{j1,j2,....Jr} =7 <k, U_ 1V #+ X and
UZ:l ‘/37 = X. i

In particular, by taking V = L{S‘_l in Lemma 2.1, we have that P*(Z/lg_l) is
a finite set, and

(2.2) P.(T, f;U) = mm{ Z sup e/ . g e PHU 1)}

BEﬁ"LEB

If, in addition, U is a partition, then

PATS) = 3 supeh®),
Ueug‘*lleU

LEMMA 2.2: For any f € C(X,R) and U € C%,
1
P(T, f;U) = lim —log P, (T, f;U)
n—oo N,
exists and is equal to inf,>1 + log P, (T, f;U).

Proof: For any n,m € N, Vi = U]~ Ly, - uy ! we have

ViV Ty = Uyt
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It follows that

Pn-i-m(Ta f;U) < Z Z sup efrtm(@)
VieV, VaeVs zeViNT "V,

S % s @)
ViEV, VaeVs zeVinT—nV,

S T sup @) sup fn()
VieVy VaeVs zEVL 2€V;

= < Z sup ef"(””))< Z sup ef’"(z)>.

Vievy r€VL Va€V2 z€V2

IN

Since Vi, Vs are arbitrary, Poinm (T, f;U) < Pu.(T, f;U)Pn(T, f;U), ie.,
log P, (T, f;U) is sub-additive. This proves the lemma. |

Using Lemma 2.2, we immediately have the following.

LEMMA 2.3: P(T*, fi; US™Y) = kP(T, f;U) for any f € C(X,R), U € C%, and
keN.

We refer to P(T, f;U) as the topological pressure of f relative to U/ and

to
P(T, f) = sup P(T, ;1)
uec

as the topological pressure of f. We note that the definition of P, (T, f;U)
(hence P(T, f;U)) above is slightly different than the one given in [27]. However,
it is easy to see that the topological pressures P(T, f) defined above are the
same as the ones defined in [27], and moreover, if f is the null function, then
P(T,0;U) = hwop(T,U). An advantage of our definition of P, (T, f;U) is its
monotonicity, i.e., if & = V, then P, (T, f;U) > P,(T, f;V), which is essential
for the validity of the local variational principle stated in Theorem 2.

2.2. MEASURE-THEORETIC ENTROPIES. Let M(X), M(X,T) and M*¢(X,T),
be the set of all Borel probability measures, T-invariant Borel probability mea-
sures and T-invariant ergodic measures, on X, respectively. Then M(X) and
M(X,T) are all convex, compact metric spaces when endowed with the weak*-
topology; M¢(X,T) is a G5 subset of M(X,T).
For given partitions «, 3 € Px and p € M(X), let
H,(a) = Z —u(A)logu(A) and H,(«|B) = Hu(aV B) — Hu(5).
Aca

One standard fact is that H,(«|f5) increases with respect to o and decreases
with respect to 8. When p € M(X,T), it is not hard to see that H,(af ') is
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a non-negative and sub-additive sequence for a given a € Px. The measure-
theoretic entropy of u relative to « is defined by

. 1 n—1 . 1 n—1
hu(T, o) = nh_{go EHu(ao ) = }éfl EHH(O‘(J )

and the measure-theoretic entropy of y is defined by

(2.3) hu(T) = sup h,(T, ).
aEPx

For a given U € Cx, Romagnoli [23] introduced the following two types of
measure-theoretic entropies relative to U,

o1 no1 T . .
hu(T,U) = T}LH;O nHu Uy™") and A (TU) = atul,%fepx hu(T, ),
where
H = inf H .
u(u) aePl;I(l,azu u(a)

As to be seen below, many properties of H,(a) for a partition a can be
extended to H,, () for a cover U.

LEMMA 2.4: Let p € M(X). The following holds for any U,V € Cx
(1) 0 < H, W) < log Nt);
(2) IfU =V, then H,(U) > H,(V);
(3) HyUVYV) < Hu(u) + H,(V);
(4) H,(T7'U) < Hr,(U), and the equality holds when (X, T) is invertible.

Proof:  See [23], Lemma 8. |

For given U € Cx and p € M(X,T), it follows easily from Lemma 2.4 that
H,(Uy~") is a sub-additive function of n € N. Hence the local measure-theoretic
entropy h,(T,U) is well-defined. This extension of local measure-theoretic en-
tropy from partitions to covers allows the generalization of the local variational
principle of entropy to the local variational principle of pressure stated in The-

orem 2.

LEMMA 2.5: For any V € Cx and p € M(X,T),

H,(V)= min H,(f).
u(V) plnin, 1w (B)

Proof: The proof is very similar to that of Lemma 2.1. Let ¢(x) = —zlogz,
x > 0. We first observe that if 0 < x <y and 0 < § < z, then

(2.4) ¢(x —6) + oy +0) < ¢(x) + d(y).
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Let V = {WV1,Va,...,Vi}. For any 8 = {B1,Ba,...,Bi} € Px with 8 = V,
we let i1 € {1,2,...,1} be such that p(B;,) = maxi<i<; u(B;). Choose j; and
B(h) = {le,B%,Bé,...,Blll} the same way as in the proof of Lemma 2.1.
Then 5(j1) € Px and 8(j1) = V. Moreover, it follows from (2.4) that H,(8) >

H.(B(j1))-

If X\V;, =0, then 8(j1) = {V;,} € P*(V). Otherwise, we let iy €
{1,2,...,11} be such that Hu(Bi12) = maxj<;<;, H,(B}), and choose ja, 3(j1, j2)
in the same way as in the proof of Lemma 2.1. Then 3(ji1,j2) € Px and

B(1,j2) = V. Also by (2.4), H.(8(j1)) = Hu.(B(j1, j2))-
Continuing the above procedure inductively, we find a sequence

{j15j27" '7j7'} g {1)27'- '7k}a

where r < k, such that (JI_, Vj, # X, Ul_, Vj, = X, and

r—1
Blisdar - rdr) = {vv Voo Vi < U V)}
=1

satisfies that H,,(3) > H,(B(j1,---,Jjr)) and B(j1, 72, .., jr) € P*(V).
Hence

H,LL(V) = min H#(ﬂ(jlaj%"'ajr))a

{J1,925,0-}C{1,2,....k}

where {j1,ja, - .., jr} are such that |{j1,ja, ..., jr}| =7 <k, U—; Vj, # X and
U’L 1‘/37 =X. i

Some properties of the local measure-theoretic entropies relative to covers are

summarized as follows.

LEMMA 2.6: The fo]]owing holds for all p € M(X,T) and U,V € Cx.

h(T,U) = Lh, (TM UMY for all M > 1;
2) HTU) > il h+(TM uM Y for all M > 1;
3) h“(T, U) = limas—oo 5 b (TM Uy );
4) hy(T,U) < b (T, U);
5) b (T,UVY) < b (T, U)+h} (T, V) and hy, (T,UVV) < b, (T,U)+h, (T, V);
6) hu(T,U) > h,(T,V) whenever U = V.
Proof: See [23]. |

Since a partition of X is also a cover, we have that h,(T") = supycc, hu(T,U).
In fact, the following holds.
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LEmMMA 2.7: For p€ M(X,T), hu(T) = supyeco hu(T,U).

Proof: Let U € C% and « be the Borel partition generated by Y. Then
a = U and hence h,(T) > h,(T,o) > h,(T,U). It follows that h,(T) >
suprrecy, b (TSU).

Conversely, let o = {A1,As,..., A} € Px and € > 0. Then there ex-
ists a 61 = d1(k,e) > 0 such that whenever 8 = {B{,Bs,...,B}} and 3 =
{B},B3,...,B}} are k-measurable partitions with Zle w(BIAB?) < &1, then
H,(51]62) < € (see e.g., [27] Lemma 4.15).

Since p is regular, we can take closed subsets B; C A; with u(A; \ B;) < 2‘%,
i=1,2,....,k. Let By = X\ U_, Bi, Ui = By U By,i = 1,2,....k. Then
w(By) < g—}c and U = {Uy,Us,..., U} is an open cover of X.

For any integer ;7 > 0 and any finite measurable partition § which is finer
than T—9U as a cover, we can find a measurable partition 3 = {Cy,Ca, ..., Ck}
satisfying C; € T77U;, @ = 1,2,...,k and 3 = (. Hence H,(T7a|B) <
H,(Talf’). Since T7U; > C; D X \ Uy, T7U = T By,

p(Ci AT A) < (T A\ T Bi) + (T Bo) = u(Ai \ Bi) + pu(Bo)
01 01 01
D
R TE R
ie., Zle w(C;ATIA;) < 61 It follows that H, (T 7a|8’) < e and hence
H,(T77a|B) < e. Above all, we have shown that there exists an open cover U
of X consisting of k elements such that for any 7 > 0 and any k-measurable
partition 8 which is finer than 77U as a cover, we have H,(T 7 a|3) <.
Now for each n € N and a finite measurable partition 3, = Uy ~1 we have
Bn>T Y for j =0,1,...,n—1, and

n—1

Hy (o ™) < Hu(Bn) + Hula§ ' 18) < Hu(Bn) + Y Hu(T 7 a|B)
7=0

< Hu(ﬂn) + ne.

Since f3,, is arbitrary, H,(ag~ ') < H,(Uy") + ne. Hence

1 1
h(T,a) = lim EHM(agfl) < lim EHH(U371)+6

n—oo

=h,(T,U) +e < sup h,(T,U) +e.
UuecC%

Since v and e are arbitrary, hy(T") < supyecy hu(T,U). |
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2.3. CONDITIONAL ENTROPIES. For a non-empty set ¥ C X and covers
U,V € Cx, define

NUY) = min{cardb{’ U CU, Y C U U’},
Ureu
NU|V) =max NU|V).
Vey

Clearly, N(U|X) = N(U) and NU|{X}) = N(U).

LEMMA 2.8: Let U,V,U;1,V1 € Cx. Then
NU|V) < NUD1)  forlth =U and V = Vy,
N(TUIT'YV) = NUY),
NUNV UV V V) < NUV)N (Ui [Vr).

Proof: See [22]. |

LEMMA 2.9: For any p € M(X,T) and U,V € Cx,

H,(V) < H,(U)+log N(V|U).

Proof: Let 8 = {Bi,Bs,...,B,} € Px with # = U and denote V =
{Vi,Va,...,Vin}. For each i = 1,2,...,n, we choose I; = {ji,j3,...,j/.} C
{1,2,...,m} such that

l;

l; < N(V|B) and Vi 2 B;.

r=1

Let y=v1 Uy U---U~y,, where

l;—1
r=1

It is easy to see that v € Px, v = V and N(v|8) = N(V|B). Since 8 = U, we
have by Lemma 2.8 that

(2.5) N(v8) = N(VIB) < N(V[i).

For simplicity, we denote v = {A1, Ao, ..., Ax}. Tt follows from (2.5) that

HM(’Y) < Hu(ﬁ) + Hu(’ﬂﬁ)
n k

e h
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n ‘ _,U(AlmBJ) o M(AiﬂBj)
ﬁ)‘f';M(BJ)( Z w(Bj) to p(B;) )

i,A;NB;#0

ﬁ)+ZM(Bj)1og|{ie {1,2,...,k} : Ain B; # 0}

+ZM )log N (v|B;)

< Hu(B) + 10gN(’V|ﬂ) < Hu(B) +1log N(VIU).

Hence H,(V) < H,(v) < H,(3) + log N(V|U{). The lemma follows since 3 is

arbitrary. |

For any covers U,V € Cx, it follows from Lemma 2.8 that the sequence
log N(U? Y=o | is sub-additive. Hence the quantity
0 0 n=1

1
WTUY) = lim = log N@Us ™"V,

called the conditional entropy of &/ with respect to V), is well-defined, and

moreover,

(2.6) T, U|V) < h(T,U1|V1) whenever Uy = U and V = V.

It is clear that if U € C then h(T,U|{X}) = hiop (T, U).

Let

R(T|V) :usél(,g’ (T, U|V)

be the conditional entropy of T' with respect to a cover V € Cx, and

BA(T) = inf A(T|V)

be the conditional topological entropy of T'. Then by (2.6),

2.7)

Clearly, h(T|{X}) =

R(T|V) < h(T|V1) whenever V = V.

hiop(T).

LEMMA 2.10: For any p € M(X,T) and U € Cx,

Proof: Let V € C%.

(2.8)

ho(T) < hy(T,U) + W(T|U).

By Lemma 2.9,

H,(Ve ™) < Hu(Ug ™) +1log N(Vg g ™)



Vol. 161, 2007 LOCAL VARIATIONAL PRINCIPLE 41

for all n € N. By dividing (2.8) by n then passing to the limit n — oo, we
obtain that

h(T,V) < h (T, U) + (T, VU) < h,(T,U) + h(T|U).
It follows from Lemma 2.7 that

hulT) = sup hy(TV) < h(TU) + BT 8

3. Upper semi-continuity and affinity of a local entropy map

The section is devoted to the proof of Theorem 1. Throughout the section, we
let (X,T) be a TDS.

For a fixed U = {Uy,Us, ..., Up} € C&, we let U* = {{A1,As,...,Am} €
Px : Am C Up,m € {1,...,M}}, where A,, can be empty for some values of
me{l,2,...,.M}.

The following lemma will be used in the computation of H,, () and h,(T,U).

LEMMA 3.1: Let G: Px — R be monotone in the sense that G(a) > G(5)
whenever o = 3. Then

inf = inf .
aG'Plplgl,atL{ G(Oé) ozléllxl* G(Oé)

Proof:  See [17], Lemma 2. |

LEMMA 3.2: Let K C X be a closed subset and {UP}"_, be a set of non-
empty open subsets of X which covers K. Then for any § > 0 there exist open
subsets {V}*_; of X such that {V}? | covers K, V) C U?, n(0Vy) = 0 and
w(UPAVL) < § for alli=1,2,...,n.

Proof: We prove the lemma by induction on n. When n = 1, we take a
closed set K’ such that K C K’ C U and u(UY \ K’) < §. For each z € K’
there exists an €, > 0 such that u(0B(z,¢;)) = 0 and B(z,¢;) C UY, where
B(z,e;) = {y € X : d(z,y) < ey}. Hence {B(x,€;)}zck is an open cover
of K. Using compactness of K, we can find a finite sub-cover {B(z;, e, )}r;,
for some k, such that x; € K', 1 = 1,2,...,k and Ule B(zi,ez,) 2 K'. Let
V0 = Ule B(x,€z,). Then V¥ satisfies the properties stated in the lemma.
Now, assume that for some positive integer m the lemma holds for n = m.
We consider the case n = m+ 1. Let K,,, = KN (X \ UY%,,). For any § > 0,
since {U?}™, covers K,,, by induction hypothesis there exist open subsets
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VO, VR, .., VY of X such that {V2}™, covers K, V.2 C U?, n(0V,%) = 0 and

w(UPAVL) < § for all i = 1,2, )
Let K, = KN (X \ U~ . Then K, is a closed subset of X and K/, C
Um +1- By induction hypothes,ls there exists an open subset V2 | such that
L C VO CUS L, u(0VO,,) = 0and p(US, AV, ) < . As {VO 4!

T)'L T)'L m
covers K, the lemma holds for n = m + 1. |

LEMMA 3.3: If U = {U1,Us,...,Un} € C%, then for any € > 0 there exists a
§ = 8(M,€) > 0 such that if V = {Vi,Va,...,Var} € C% with M u(U;AV;) <
0, then

|H,(U) — Hu(V)| < e

Proof: By Lemma 4.15 in [27], there exists a ¢’ = ¢'(M,e) > 0 such that
whenever a, 3 € Px are two M-measurable partitions with u(aApS) < 6" then
|Ha(8) — Ha(0)] < <.

Let § = ¢'/M and V = {Vi,Vs,...,Var} be a measurable cover of X such
that u(UAV) < 4.

We first claim that for every M-measurable partition o > U there exists a
finite measurable partition 8 = V such that H,(«) > H,(08) —

By Lemma 3.1, it is sufficient to prove the claim for « = {41, As,..., Ay} €
U*. Define the partition 8 = {By, Ba,..., By} € V*:

Blel\(U(AkﬂVk)>,

k>1
Bi:Vi\(UAkak UB) i=2,3,...,M.
k>i 7<i

For eachm =1,2,..., M, we clearly have A,,NV,, C B,,, and hence A,,\ B,,, C
Ap \ (A NVi) © Um \ Vin and By \ Apy © Uk;&m(Ak \ B) C Uk;ém(Uk \ Vi)
It follows that A, AB,, C UL, (UsAVi), m = 1,2,..., M, ie., p(aAf) <
Mu(UAYV) < ¢', from which the claim follows.

Now, for each o = U, we let 8 be as in the above claim. Then

Hy(o) 2 Hy(B) —e = Hu(V) —e.

Since such an « > U is arbitrary, we have that H,(U) > H,(V) —e. Ex-
changing the roles of U and V implies that H,(V) > H,(U
HL W) — Hy0V) <= 0

) —e. Hence

We note that under the weak*-topology M(X,T) is a compact metric space
and M®(X,T) is a Gs-subset of M(X,T). For each p € M(X,T), there
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exists a unique Borel probability measure m on M¢(X,T) such that u =
fME(X ) Odm(0), i.e., u admits an ergodic decomposition. The ergodic de-
composition of u also gives rise to an ergodic decomposition of the u-entropy

relative to a € Px:
(3.1) hy(T, @) :/ he(T,a)dm(0).
Me(X,T)

In fact, ergodic decompositions of the p-entropies relative to U € Cx also
hold.

LEMMA 3.4: Let p € M(X,T) andU € Cx. If p = fMe(XT) Odm(0) is the

ergodic decomposition of u, then

hi(T,U) = / hy (T,U)dm(0) and h,(T,U) = / ho(T,U)dm(0).
Me(X,T) Me(X,T)

Proof: See [17], Proposition 5. |

We are ready now to prove Theorem 1, i.e., for any U € C%, the entropy map
hiy(T,U) - M(X,T) — Ry is upper semi-continuous and affine.

Proof of Theorem 1: First we prove the upper semi-continuity. Fix a pg €
M(X,T) and let € > 0. We let N € N be sufficiently large such that
1

NH:U'U (ué\]il) < h#o (T,Z/f) +e.

By Lemmas 3.2 and 3.3, there exists a finite open cover Vy > UON_l such that
H,y(Vn) < HyyUY ™) + e and po(8V) =0 forall V € Vy.
Then by Lemma 2.5,

(3.2) H,(Vy)= min H,(f) forallpe M(X,T).
BEP*(VN)
Since po(0V) = 0 for each V € Vy, we have that uo(0B) = 0 for any B €
when 8 € P*(Vy). It follows from (3.2) and the finiteness of P*(Vy) that the
function Hyy(Vn) : M(X,T) — Ry is continuous at po. Hence

1 1
limsup h,(T,U) < limsup — H, (U ) < limsup — H,(Vy)
p—pio p—po NV n—no NV

1 1 _
= NHHO(VN) < NHﬂo(uév 1) +e

< hy (T, U) + 2e.
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Since € > 0 is arbitrary, the entropy map h{.}(T, U) is upper semi-continuous at
Mo € M(X, 7).

We now prove the affinity. Given pq,pu2 € M(X,T) and A € (0,1). Let
i = fMe(X,T) 0dm;(0) be the ergodic decomposition of u;, i = 1,2. Consider
w= A1+ (1 —Npug and m = Amq + (1 — \)ma. It is clear that m is a Borel
probability measure on M¢(X,T) and pu = fMe(X,T) 6dm(0). By Lemma 3.4,

h#CTJJ)/a“(vaim(T}u)dnmﬁ)

A h@wdm )+ (=N [ hlT Wdma(6)
Me(X,T) Me(X,T)
= M (T,U) + (1 = Ny, (T, U).

This shows that the entropy map hy¢.y(T,U) is affine on M(X,T). ]

4. A local variational principle of pressure

Our aim in this section is to prove Theorem 2. Let (X,T) and (Y,S) be two
TDS. A continuous map 7: X — Y is called a homomorphism or a factor
map from (X,T) to (Y,S) if it is onto and 7T = Sw. (X,T) is called an
extension of (Y, .5) and (Y, 5) is called a factor of (X, T). If 7 is also injective
then it is called an isomorphism.

LEMMA 4.1: Let m: (X,T) — (Y,S) be a factor map between two TDS and
U € CY. Then for any p € M(X,T), h, (T, 7 'U) = hxp(S,U).
Proof: See [23], Proposition 6. |

LEMMA 4.2: Let m: (X,T) — (Y, S) be a factor map between two TDS, f €
C(Y,R) and U € C¢. Then P(T, fom;n—'U) = P(S, f;U).

Proof: Fixann € N. If V € Cy, V = U)™", then 771V € Cx and 771V =
(7~ 'U)y . Hence
sup e/ = Z sup e > p (T foma U).
vevveV veyzer 'tV
Since V is arbitrary, we have that P, (S, f;U) > P, (T, f o m; 7 U).

Conversely, we note that

Po(T, fomnm 'U) = inf { Z sup efn(x)}'
pep-(m-up ™) gy aen
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Let 8 ={B1,Ba,...,Bn} € P*((x~'U);~"). Since
708 = {r(B1),7(Ba),...,m(Bm)} €Cy and 78 =Uy ",

we receive

Z sup elfemn (@) — Z sup e/ > P.(S, f;U).
1= IIGB 1= 1y€7r(B)
Since f3 is arbitrary, P, (T, f o m; 7w~ U) > P.(S, f;U).
Above all, P, (T, f o m; 7w 1U) = P,(S, f;U) for each n € N, from which the
lemma follows. |

LEMMA 4.3: Let a1, as,...,ar be given real numbers. If p; > 0,i=1,2,... k,
and Zf:o p; = 1, then

k k

> pila; —logpi) <log (D" e,

=1 =1

and equality holds iff p; = - foralli=1,2,... k.

Zk
Proof: See [27], Lemma 9.9. |
PROPOSITION 4.1: Let (X,T) be a TDS, f € C(X,R) and U € C%. Then for
any u € M(X,T),

P(T. 310 > h(TU) + [ f(a)duta).

Proof: Let p € M(X,T). For any n € N and € > 0, we have by (2.2) that
there exists a finite partition 8 € P*(U; ") such that Yz gsup,cpel®) =
P.(T, f;U). Tt follows from Lemma 4.3 that

log(P, (T, ;1)) 1og(zsupe )_ZM(B)(Slelgfn(fc)—logu(B))

BeﬁIEB Bep

)+ Y sup fu(x) - pu(B)

Beﬂze

+ /X fo(@)du(z)

HL @) +n /X F(@)du(z).
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The proof is complete by dividing the above by n then passing the limit

n — o0. [ |

A subset A of X is called clopen if it is both closed and open in X. A
partition is called clopen if it consists of clopen sets.

LEMMA 4.4: Let (X, T) be a zero-dimensional TDS, i € M(X,T), f € C(X,R)
andU € C%. Assume that for some K € N, {al}{il is a sequence of finite clopen
partitions of X which are finer than U. Then for each N € N, there exists a
finite subset By of X such that each atom of (oq)évfl, l=1,2,..., K, contains

. Py (T,f;U
at most one point of By, and ZIEBN efn@) > %

Proof: For each z € X and | = 1,2,..., K, we let A;(x) be the atom of
(a)y
are contained in the same atom of (a;)5 ~* iff Aj(z1) = Aj(z2).

To construct the set By we first let z; € X be such that e/~ =
max,cx e/N@) If Ullil Ai(x1) = X, then we take By = {x1}. Otherwise,
we take X7 = X\ UlK1 Ai(z1). In either case, X is a closed subset of X.
Next, let 5 € X7 be such that e/~ (*2) = maXgex, efv@) 1f Ul > Ai(z2) O X;,
then we take By = {x1,22}. Otherwise, we take Xo = X7\ Ul:1 Ai(z2). In
either case, X3 is a closed subset of X. Since {A;(x) : 1 <1 < K,z € X} is
a finite set, we can continue the above procedure inductively to obtain a set

containing x. Then for any z1,20 € X and { =1,2,..., K, r1 and x5

By = {z1,2,..., %, } and non-empty closed sets X;, j =1,2,...,m — 1, such
that

(1) e/~ = max,ex /™) and X; = X\ U{il Ai(zy),

(2) eN@it) = maxgex, @ and X;1 = X\ Uzli1 Ai(xjpq) for j =

1,2,...,m—1 and
m K

(3) Uj:l Uim1 Ailzj) = X.

From the construction of By, it is easy to see that each atom of
(al){)\]_l, l = 1,2,...,K, contains at most one point of By. Now let 8 =
{X;-1 N Ai(z;) }1<j<m,1<i<k, where Xo = X. Then 3 is a cover of X which is
finer than Uy ~1. Therefore,

3 efm):zm:emm i i sup  e/V@
j=1

=1 1—1 z€AI(®;)NX;j-1

x€BN
1
— Z In(z)
= — sup e
K Bep el

- K
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PROPOSITION 4.2: Let (X,T) be an invertible, zero-dimensional TDS, f €
C(X,R) and U € C%. Then there exists a up € M(X,T) such that

(4.1) WEU) + [ fa)dutz) = P, £
X
Proof: Let U = {Uy,Us,...,Us} and define
U ={aePx:a={A1,A,..., 44}, Am CUp,m=1,2,...,d}.

Since X is zero-dimensional, the family of partitions in U*, which are finer
than U and consist of clopen sets, is countable. We let {a; : I > 1} denote an
enumeration of this family.

Let n € N. By Lemmad4.4, there exists a finite subset B,, of X such that

P.(T, f;U)
4.9 fn(x) 5 2020/ 7)
42 S ehie) » oL SiU)

r€B,,
and each atom of (ozl)gf1 contains at most one point of B,,, foralll = 1,2,...,n.
Let
Up = Z An(2)0z,
r€B,

where \,(z) = #(:tn(w for v € By, and let p, = 230" T'v,. Since

M(X,T) is compact we can choose a subsequence {n;} of natural numbers
such that p,; — p in the weak*-topology of M(X,T).
We wish to show that p satisfies (4.1). By Lemma 3.1 and the fact that

+ _ . _
hu (T,U) = ﬁléll/f{‘* hM(Ta B) = llglg hu(T7 al)?

it is sufficient to show that
P f5U) < hy(Toan) + [ f(@)dutz)
X

for each [ € N.
Fix an [ € N. For each n > [, we know from the construction of B,, that each

atom of (a;){~" contains at most one point in B,,, and

43) 2 ~M@logha(@) = Y —va({z}) logra({e}) = Ho, ()5 ™).

r€B, rEB,

Moreover, it follow from (4.2), (4.3) that
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loan(T,f;U)logn§10g< Z ef"(l)> Z An( —log A\ ()

r€B, x€B,

=H,, ()5 + D An(@)fu(2)

T€EB,

:Hyn((al)gil)+/xfn(l')dl’n( )

= H,, ()i +n /X £ (@) dpn ().
Hence

(44)  logPu(T, f:U) —logn < H,, (o)) +n /X F(@)dpn ().

Fix natural numbers m,n with n >l and 1 <m <n — 1. Let a(j) = [%4],

j=0,1,...,m—1, where [a] denotes the integral part of a real number a. Then
n—1 _ a(j)—1 _

(4.5) VT = \/ T°" gtV \/ T,
i=0 r=0 tes;

where S; = {0,1,...,j—1}U{j+ma(j),...,n—1)}. Since |S;| < 2m, it follows
from (4.4) and (4.5) that

log P,(T, f;U) —logn
< H,, ()3 +n /X F (@) dpn ()

a(j)—1
O Y I e R A (AVE S B e

r=0 leS;
a(j)—1

< Y Hrweonn (@)™ 40 [ f@hdun(a) + 2mlogd,
=0

where d is the cardinality of &. Summing up (4.6) over j from 0 to m — 1 then
dividing the sum by m yields that

loan(T,f;U)*logn

a(j)—1

=S Hp i (@07 4 / F(@)dpin () + 2mlogd
X

j=0 r=0
n—1

IA
3=
MS

IN

oo, ()7 +n /X @)y () + 2m log d,
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ie.,

(4.7) log P, (T, f;U) <
n—1

% JZ_% HTjun((Oél)”On_l) + n/X f(@)dpn(z) + (2mlogd + logn).

Since Hy.y((oq)g'™") is concave on M(X,T),

n—1

S Heo, ((00)§' ™) < Ho ()5 ),
§=0

1

n

(4.8)

Now dividing (4.7) by n then combining it with (4.8), we obtain

(4.9) %IOan(TJ;U) <

%Hﬂn((o‘l)?fl)+/Xf(as)dun(as)+ (2mlogd + logn)

n

Since «y is clopen, it follows that

lim H, ((00)f ™) = Hu((o)§" )

j—00

By substituting n with n; in (4.9) and passing the limit j — oo, we have that

1
P(T, f;U) = lim —log P, (T, f;U)

J—oo Ny
. 1 m—1 (2m 1Ogd + 1Og nj)
. < — )
(110) <t (o (@) + [ @) () 4 S EREN)
1 m—
— CH(@ )+ [ f@duo)
m X
The proof is now complete by passing the limit m — oo in (4.10). |

PROPOSITION 4.3: Let (X,T) be an invertible TDS, f € C(X,R) andU € C%.
Then there exists a p € M(X,T) such that

(T, 1) + /X f(@)du(x) = P(T, f;).

Proof:  We follow the arguments in the proof of Theorem 4, [17]. Let U =
{Ul,UQ,...,UM} € C%.

First we consider the case that X is zero-dimensional, i.e., there exists a
fundamental base of the topology made of clopen sets. Since the set of clopen
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subsets of X is countable, the family of partitions in &* consisting of clopen sets
is countable. Let {a; : 1 =1,2,...} be an enumeration of this family. Then, for
any k € Nand p € M(X,T),

k—1 k—1
(4.11) ht (Tk, \V T—iu) = inf h (Tk, \V T—iask_(i)).

k
=0 skEN i=0

For any k € N and s, € N*_ let

M (k, s) = {uEM (X,T) %< <T’c \/T abk(l)+/xfk(:r)du(x)>
%anw}

We note by Lemma 2.3 that + P(T*, fi;Us ") = P(T, f;U).
By Proposition 4.2, there exists a p, € M(X,T*) such that

@xﬂmﬁwﬁénummmzpwhnmﬁw

Since \/f;o1 T "o, () is finer than UF for each s € N¥, we have

k—1

112 (15N T%00) + [ Ailodtinte) 2 PO ftd ™),

1=0

Let vy, = “’“*T“”'k“*Tk*l“k. Since Tipp € M(X,TF), i =0,1,...,k— 1, we
have v € M(X,T). For sy € N¥ and j =1,2,...,k— 1, let

POSk = Sk

Pisy = sp(k— )sp(k—j7+1)--sp(k—1)s(0)s(1) - - - s (k — 1 — j) € N*,

j k—j

It is easy to see that

k—1 k—1
thHk (Tk, \/ T_lask(i)) = th (T‘k7 \/ T_lapjsk(i))
=0

=0

/fk )dT g, (x /fk )dp (x

and
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for all j =0,1,...,k — 1. It follows from (4.12) that

k—1
mwwhvrwmm+4hmMMm>
1=0

k—1
= (TN Tap ) + [ @i
1=0

> P(T, frsug ™).

Moreover, for each s;, € N*,

hu, (Tk7k\_/1 T_iask(i)> —|—/ fr(x)dvg(z)
i=0 X

k—1 k—1
1 , .
=22 (hTm (Tka V T_’Oésm)) + /X fk(fc)dTJNk(x))
=0 i=0

> P(T", fi:Uy™").
Hence vy, € (1, cyr M (K, sk).
Let M (k) = (,, ene M (K, si). For each s; € N since \/i:o1 T g, is a
clopen cover, by Theorem 1, the map

M(X,T) - R,

s by, (TF, \/f:_o1 T’iask(i)) is upper semi-continuous. It follows that M (k, si)
is a closed subset of M(X,T) for s, € N*, which implies that M (k) is a non-
empty, closed subset of M (X, T).
We now show that if k1, ko € N, ky divides ko, then M (ks) C M (k1). Indeed,
let p € M(ks) and k = k2 For any s, € N¥1, we take sy, = sp, - - - 55, € NF2,
———

k1°
k
Then
1 ki1—1
k_<h,u <Tkla \/ Tzaskl(i)) +/ fkl(z)du(z)>
1 ’o X
11 k—1 ki1—1
_ kk —jk i
— k_lgh“(T L VT k1 \/ T O‘Skl(i)) —|—/Xf(x)d,u(x)
7=0 =0
1 ko—1
- TkQ T*i .
ks (hu( ’ l:\/o askz(z)) —|—/ka2(l')du(l'))
1
> = P(T™, fi;Us™™") = P(T, fiU)
2
1

= _P(Tklafkl;ugl_l)'
k1
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Hence p € M(ky, sy, ) for each sp, € N¥t and y € M(k;). This shows that
M (k) € M (k1).
Since 0 # M (kike) C M (k1) N M(ke) for any ki,k2 € N, we have that

Mken M(F) # 0.
Let v € ey M (k) and k € N. By (4.11), we have that

P+ [ @)
- %(hj(T’C,u{f*l)+/ka(x)d1/(x))

k—1
1
:5,}2&@(’1 (Tk \/T‘lask ) /fk Ydv(z )
> P(T, f;U).
It follows from Lemma 2.6 that
(T, U)+ / f(z)dv(z hm E( j(Tk,u§—1)+/ fe(z)dv(x)) > P(T, f;U).
X

Combining this with Proposition 4.1, we have proved the proposition in the case
that X is zero-dimensional.

We now treat the general case. It is well-known that there exists an invertible
TDS (Z, R), with Z being zero-dimensional, and a continuous surjective map
¢: Z — X such that ¢ o R =T o ¢ (see e.g., [3]). For the TDS (Z, R), we have
already shown that there exists a v € M(Z, R) such that

b (Roo U)) + /Z fop(2)du(z) = P(R, f o ;07 U).

Let w = v. Then p € M(X,T). Since, by Lemma 4.1, h,(T,U) =
hy (R, =1 (U)), we have

hT)+ [ f@duta) = (R 00) + [ foplin:

P(T, fo ;o™ 'U).

(4.13)

Now, by Lemma 4.2, we also have

(4.14) P(R, fopio™'U) = P(T, f;U).
The proof is now complete by combining (4.13) and (4.14). |

We are now ready to prove the local variational principle of pressure stated
in Theorem 2, i.e., for any TDS (X,T), f € C(X,R) and U € C%,
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(1.15) PT, fU) = sup ){hmuw [ st}

HEM(X,T

and the supremum can be attained by a T-invariant ergodic measure.
Let d be the metric on X and define

X ={(z1,22,...) : T(xis1) = 25,2 € X,i € N}.

It is clear that X is a subspace of the product space Hfil X with the metric
dr defined by

Az ) (e ) = 30 W),

i=1
Let op: X — X be the shift homeomorphism, i.e.,

O'T(l‘l,ZEQ, .. ) = (T(l‘l),l‘l,mg, .. )

We refer the TDS (X, o) as the natural extension of (X, T). For each i € N,
we denote m;: X — X as the natural projection which projects each element of
X onto its i-th component. Then 71: (X,o07) — (X, T) is a factor map.

Proof of Theorem 2: Let (X,o7) be the natural extension of (X, T) defined
above. By Proposition 4.2, there exists a v € M(X, or) such that

hy(or, 77 M U)) + /5( fom(Z)dv(Z) = P(or, f omy;my 1U).

Let p=mv. Then p€ M(X,T). Since by Lemma 4.1 h,(T,U) = h, (o7, 7 " (U)),
we have

(a1 w@HF /Xf (2)dpa(w) = hu(or, 77 (U)) + /X f om (#)dv(@)
)

= P(op, fom;ny 'U).
But by Lemma 4.2,
(4.17) P(or, fomi;m 'U) = P(T, f;U).

Combining (4.16) and (4.17), we have

(4.18) (T, 1) + /X f(@)du(x) = P(T, ;).
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Let u = fMe(X,T) 6dm(0) be the ergodic decomposition of y. Then by Lemma
3.4 and (4.18),

/ME(X,T) (he(T,U)+ /X f(x)de(x)) dm(0)

= /ME(XI) ho(T,U)dm(0) + /ME(X,T) /X f(x)db(z)dm(0)
= h,(T,U) + /X f(x)du(x) = P(T, f;U).

Hence there exists a T-invariant ergodic measure 6 such that
mo(TU)+ [ f@dblz) = P(T. fi1d).
X

The proof of the theorem is now complete by applying Proposition 4.1. |

We remark that Theorem 2 generalizes the topological variational principle
of pressure given in [27], i.e., the following holds.

COROLLARY 4.1 (Topological variational principle of pressure, [27]): Let (X, T)
be a TDS and f € C(X,R). Then

Prp= s n@+ [ i .

HEM(X,T)
Proof: The proof follows immediately from Theorem 2 and Lemma 2.7 by
taking the supremum over all open covers in (4.15). ]

Another immediate consequence of Theorem 2 is the following.

COROLLARY 4.2: Let (X, T) be a uniquely ergodic TDS and let . be the unique
invariant probability measure on X. Then for eachd € C% and f € C(X,R),

P@ﬁM=%@W+Aﬁ@W@=MMﬂw+Aﬂ@ww-

Using this corollary, one can also give an alternative proof to the following
classical ergodic theorem of Oxtoby (see also [10]).

COROLLARY 4.3 (Ergodic theorem): Let (X,T) be a uniquely ergodic TDS and
f € C(X,R). Then f,(x)/n converges uniformly to [, f(x)du(z) as n — oo,
where p is the unique invariant probability measure on X.

Proof: Take U = {X} in Corollary 4.2. Then h,(T,{X}) = 0. Recall that

Pa(T i {X}) = emmeex [n(2),
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and hence P(T, f;{X}) = lim; W%Xf"(m) We have by Corollary 4.2 that

(4.19) i MXeex fn(®) _

n— o0 n

P(T, £ {X}) = /X F(@)du(z)

By replacing f in (4.19) with —f, we also have

lim mlna:EX fn / f d‘LL

n—oo

Hence fn(x)/n converges uniformly to [ f(z)du(z). |

5. Local pressures determine local measure-theoretic entropies

We prove Theorem 3 in this section. Throughout the section, we let (X,T) be
a TDS.

LEMMA 5.1: Let U € C%. The following holds for any f,g € C(X,R) and
ceR.

1) P(T,0;U) = hiop(T,U).

2) If f <g, then P(T, f;U) < P(T, g;U). In particular,

hiop (T, U) + gél% f(x) < P(T, f;U) < hiop(T,U) + I;lea)%(f(ac)

3) P(T,f+c;U) = P(T, f;U) +c.

(T, U) is convex.

(T, f+goT —g;U) = P(T, f;U).

(T, f +g:U) < P(T, f;U) + P(T, g;U).

(T,cf;U) < cP(T, f;U) ifc > 1, and, P(T,cf;U) > cP(T, f;U) ifc < 1.

Proof: 1), 2) and 3) easily follow from the definition of P(T, f;U).
By Theorem 2, there exists 1 € M(X, T) such that h, (T,U)+ [y f(x)du(z) =
P(T, f;U). Hence

P(T, f) — P(T, g;U)
< (bt + [ f@au@) = (m @0+ [ gta)dntz)
= [ (= 9a)dnte) < 1f =gl
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Similarly, we have P(T, g;U) — P(T, f;U) < |f — g|. This proves 4).
Let a € [0,1]. By Theorem 2 there exists a u € M(X,T) such that

mTU)+ [ (af +(1 = @g)(@)du(z) = P(T.af +(1 = )it
It follows that
P(T,af +(1—a)g;U)
b (1.20)+ [ (of + (1= ) @)dn(o)

—all () + [ f@)duta)) + (1= )b () + [ f@)du(o)
<aP(T, f;U) + (1 — a) P(T, g;U).
Since a, f and g are arbitrary, 5) follows.
To prove 6), we note that [, (90T — g)(z)du(x) = 0 for each p € M(X,T).
Then

P(T,f+goT —gU) = EAS/}@T){%(TMH/ (f+goT —g)(x)du(x)}

= sup {h(T.U)+ / flz)du(z
HEM(X,T)
= P(T, f;U).
7), 8) and 9) can be proved similarly by applying Theorem 2. We omit the
details. |

Recall that a finite signed measure on X is a map u: Bx — R which is
countably additive. The following result says that, for each U € C%, P(T,-;U)
determines the members of M(X,T).

PRrROPOSITION 5.1: Let U € C% and u: Bx — R be a finite signed measure on
X. Then pi € M(X,T) iff [, f(z)du(z) < P(T, f;U) for all f € C(X,R).
Proof: The proof follows completely from that of Theorem 9.11 in [27]. |

COROLLARY 5.1: Let u: B(X) — R be a finite signed measure on X. Then
g€ M(X,T) iff [ fx)dp(z) < 22eex @) for a1l n € N and f € C(X,R).

Proof: Take U = {X} in Proposition 5.1. Since

n— 00 n

the corollary follows. |
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We first prove part a) of Theorem 3, i.e., for given U € C% and p € M(X,T),
P(T,-;U) determines the u-entropy relative to U in the sense that

ho(T, 1) :inf{P(T, Fiu) — /X F@)du(z) : f € C’(X,R)}.

Proof of part a) of Theorem 3: We follow the arguments in the proof of Theorem
9.12, [27]. By Theorem 2, we first have

() <int {PT fi20) - [ f@anto): 1 < xR .
To prove the opposite, we let
C={(u,t) e M(X,T)xR:0<t < h,(T,U)}.

Since by Theorem 1 the entropy map hy.y(T,U): M(X,T) — R* is an affine
map, C is a convex set. Let C(X,R)* be the dual space of C(X,R) en-
dowed with the weak*-topology and view C' as a subset of C(X,R)* x R. Take
b > h,(T,U). Since by Theorem 1 the entropy map hy.y(T,U) is upper semi-
continuous at i, we have that (u,b) € cl(C). Let V = C(X,R)* xR, K1 = cl(C)
and Ko = {(u,0)}. Then V is a locally convex, linear topological space, and
K1, K5 are disjoint, closed and convex subsets of V. It follows from [9, p. 417]
that there exists a continuous, real-valued, linear functional F' on V such that
F(z) < F(y) for all x € K,y € Ks, ie., F: C(X,R)* xR — R is a con-
tinuous linear functional such that F(u.,t) < F(u,b) for all (u.,t) € cl(C).
Note that under the weak*-topology on C C C(X,R)*, F must have the form

Fpx,t) fX x)dpy (z) + td for some f € C(X,R) and some d € R. It follows
that [y f(z)du.(z) +dt < [y f(x)dp(x) + db for all (u.,t) € cI(C). In particu-
lar, [\ f(x)dp.(x)+dh,, (T,U) < fX f(x)du(x) +db for all p, € M(X,T). By
taking p1. = p1, we have that dh,(T,U) < db. Hence d > 0 and

hu*(T,L{)Jr/ @) ) <b+/ F@) ), for all je € M(X,T).
x d x d
Using Theorem 2, we have

P(T,g;l/{) Sb—i—/}(@du(m),

ie.,

f

bzP(T,E;L{)— fz)

T du(x)
> inf{P(T,g;L{) - /Xg(x)du(x) g€ C(X, R)}.
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Since the above inequality is true for any b > h,(T,U), the above implies that
h(T,U) > inf{P(T, g;U) — [ g(x) ):g € C(X,R)}. |

Next, we show part b) of Theorem 3, i.e., if (X, T) is invertible, then for given
UecC and p e M(X,T),
.U f P(T, f;U) — dp p.
hi (T.U) < feé?XR){ (T f;U) /Xf u}

We need the following classical result of Rohlin.

LEMMA 5.2: Let (X,T) be invertible and u € M®(X,T). If u is non-atomic
(i.e. u({x}) = 0 for each x € X ), then for any N € N and € > 0, there exists
a Borel subset D of X such that D,TD,..., TN~'D are pairwise disjoint and

w(UNG TD) > 1 —e.

Proof: See e.g., [11]. |

Proof of part b) of Theorem 3: We follow the arguments in the proof of

Proposition 7.10, [12]. Let 4 = {U;,Us,...,Ux}. By Lemma 3.4 and

Proposition 4.1, we may assume that p is ergodic and non-atomic. Since

P(T,f+cU) — [ (f +c)dp = P(T, f;U) — [ fdu for each ¢ € R, we can

assume that f(z) > 0 for all x € X. Let fiax = maxgex f(z). Then fiax > 0.
For € > 0, we let N € N be sufficiently large such that

(5.1)

1 1 1
.24} < 9N(P(T.fil)+e) ( _ _) ( _ _) 4 L
Py(T, f;U) <2 and 1 log (1 log — < e,

and let 1 > § > 0 be sufficiently small such that
(5.2) Vi(logk + fmax + log(kefm=)) < e.

For such §, N chosen, by Lemma 5.2, there is a Borel subset D of X such
that D,TD,...,TN~1D are pairwise disjoint, and ,u(U 'TiD) > 1 —6. Let
B € P*(UY 1) be such that
(5.3) 1< Z sup e/N@) = Py (T, f:U)

Beg zEB
and consider the partition 8p = {BN D : B € 8} of D. Hence for each element
P € Bp we can find an sp € {1,2,...,k}" such that P C (ﬂj\[;ol T‘jUij) NnD
Using the partition Sp, we define a partition « = {A; : i =1,2,...,k} of X as
follows. First, for each 7 =1,2,...,k, let

N-1

A;= | J | J{17P: P € Bp and sp(j) = i}.

J=0
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We then let Bf = Uy, By = Up \ Bj, -+, B, = Uy \ (U;_; B}). Finally,
we let A; = A U (BN (X \ Ujv:_ol TiD)) for i = 1,2,...,k. Clearly, a =
{A4; : i =1,2,...,k} is a partition of X and A; C U; for all i = 1,2,... k.
Hence o = U.

For # e Pxand RC X, welet 3 NR={ANR: A€ and ANR # 0}.
From the construction of «, it is easy to see that oszl ND = fBp, and moreover,

(5.4) Z sup e/ @) = Z sup ef¥ (@) < Z sup /Y@ = Py(T, f;U).
ceal 'np “€C pepp *€F cepeC

Let E = UN_lTiD Then u(E) > 1 — 6. For any fixed n > N, we let
—{aceX Z ' 1p(Tiz) > 1—V/3}. Since u(Gn)+(1—v8)(1—u(G,)) >
fX n ( ))du( ) >1—0, we have

(5.5) 1(Gn) > 1—3.

For each x € G, let S,(x) = {i € {0,1,...,n — 1} : T'z € D} and U,(z) =
{i € {0,1,...,n — 1} : T'z € E}. Note that for any x € X and i € Z, if
T'x € E then there exists a j € {0,1,..., N — 1} such that 77z € D. Using
this fact, it is not hard to see that for each x € G,,, U, (x) C ij:_ol (Sn(z)+j)U
{0,1,..., N —1}. Since for each x € Gy, |U,(z)| = Z?:_Ol 1p(Tiz) > n(1-5),
we have |{0,1,...,n — 1} \ Un(z)| < nV/§. Therefore, for each = € G,

{0715"'7'”‘_1}\ L_J(Sn('r)'i_.j)‘

<NH0,1,...,N—=1}U({0,1,...,n— 1} \ U,(x))|
<nVé+ N.

Let 7, = {Sn(z) : © € G,}. Since for each F € F,,, F N (F +1) = 0,
i=0,1,...,N — 1, we have |F| < & + 1. Hence

(5.6)

n! n! n!
F < E < <
[Pl = j _anan!-(n—an)! _nan!-(n—an)!’

where a, = [§]+ 1. By Stirling’s formulation and the second inequality in
(5.1), we have

I 11 ( n! ) (1 1)1 (1 1) 11 1<
m — _ | = — _ — - — ) - — —
nvonn e\ G (1 — an)! N) U T N) T NN T
Hence

n!

(5.7) lim sup — 1og|f | < hm —1ogn7 <e.
n—oo T an! - (TL — an)!
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For each F € F,, let Bp = {z € G, : Sp(x) = F}. Clearly, {Br}rcr, forms a
partition of G,,.
For each FF € F,, F ={s1 < $3 < --- < 51}, we let

Hp ={0,1,...,n—1}\ | J (F +1).
1=0

It follows from (5.6) that [ < 2 + 1, |Hp| < nvV/§ + N. Moreover, using (5.4)
and the facts that |a| = k, Py(T, f,U) > 1, and Br C G, N ﬂ§:1 T%5 D, we
have

Z sup /(@)

zeC
ceay™!

NBr
< Z sup efn (@)

s zeC
CeVi_, T™% (ag 'NDWV ,cpy, T~ "

!
< H ( Z sup efN(Tsz)> : H < Z sup ef(TTz))

=1 “cyerei (a{fflmD)””ecj reHp \CieT-ra €0
! |HF|
11 ( S e efNu)) . ( S swp ef(z))
J=1 Sojeal” 1ap T€9 Cica®€Ci
< (kelm=) eV (P (T, f,U))'
< (kefrnax)n\/g“rN . (PN(T, f’u))ﬁJrl
Summing the above inequality over F' € F,, yields that

(5.8) Z Z sup efr(*) < | Fonl - (kefmax)m/E+N (Py (T, f’u))%-i-l.

C
FeF, Ceay™ "B ze

Since u(X \ Gy) < V0 and |of ' N (X \ G,)| < k7,

Hy (g ' n(X\ Gn) / fndu
X\G,,

< Z 7‘LL(CI) logu(C') + n,LL(X \ Gn)fmax
C’cal ' N(X\Gn)
(Zcf al 'N(X\Gn w(C"))
(5.9) _ ") | log Cag_ \Gr)
o ¥ we) Rty

Ccreal ' N(X\Gr)
+ np(X \ Gr) fmax
= (X \ Gp)(log lag ™" N (X \ Gn)| — log (X \ Gp) + N fmax)
< V(log k™ + 1 fimax) — (X \ Gn) log (X \ Gon).
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Let vy ={Br}recr, U{X\G,} and ¢(t) = —tlogt, t > 0. Then v € Px, and,
by (5.8), (5.9) and Lemma 4.3,

(5.10)
H( / Fadp < Hy(a / Fadp
_ F; (Hu(ag* N Br) + /B ) fndu)

+ (g nx )+ [ o)

< Y (Huaf nBe)+ [ fudi)

FeF,

+ \/g(log K™+ nfmax) + ¢(ﬂ(X \ Gn))
<> > M(C)(jgg fnl(z) = log pu(C))

FEFn Ceal 'NBr
+ (X \ Gn)(0 = log (X \ G)) +nv/3(10g k + fmax)
FEFn Ceal 'NBr
+nV6(logk + fmax)
< by 4+ V3(10g k + finax)),

where by = % log(|F,| - (keww)™/HHN - (Py (T, fU) ¥+ 4 1),
Now, by (5.1), (5.2), (5.7) and (5.10),

W (T U) + /X f(@)dp(z)
< hy(T,a) + / fdu

1
= lim —(H(a? 1)+ / frdp) < limsup by, + V3(logk + fax)

n—oo N n—oo

= limsup — (log |Fol 4 (nV6 + N) log(kefmax) 4 (% + 1) log Pn (T, f,U))

n—oo

+ ﬁ(log k4 fmax)

= limsup- ~log|Fal + & 1ogPN<T FU) +V5(logk + fax + log(ke/m=))

< NlogPN(T, fiU) + 2¢
< P(T, f;U) + 3e.
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The proof is now complete since € > 0 is arbitrary. |

In [17], the authors showed that for an invertible TDS (X, T), un € M(X,T)
and U € C%, i) hu(T,U) = hi (T, U) iff i) hiop(T,U) > W (T,U). Tf we let f
be the null function in Lemma 4.1, then we have that ii) is true (in fact, this is
already shown in Proposition 7.10 of [12]). Hence i) is also true. This gives an
alternative proof of the Corollary stated in Section 1, i.e., h,(T,U) = h:[(T,Z/l)
(see also [19] for a relative version).

A general question is whether the equality h,(T,U) = hj(T,Z/l ) still holds for
a non-invertible TDS. We believe that the answer to this question is affirmative.

6. equilibrium states

In this section, we investigate properties of equilibrium states using our findings
in the previous sections. Throughout the section, we let (X, T) be a TDS.

6.1. LOCAL EQUILIBRIUM STATES. Differing from global equilibrium states,
we will show that local equilibrium states always exist and can be characterized
by tangential functionals.

Given f € C(X,R) and U € C%. A member pu of M(X,T) is called an
equilibrium state for f relative to U if

P(T, £;U) = hy (T,U) + /X f(@)du(z).

We let M (X, T;U) denote the set of all equilibrium states for f relative to U.
Since hy.y(T,U) is upper semi-continuous on M(X,T'), it is easy to see that

o0

My(X,T;U) = ﬂ cl ({u e M(X,T): hu(T;U)—i—/fdu > P(T,f;U)—%}).

n=1

A tangent functional to the convex function P(T,-;U) at f is a finite signed
Borel measure p on X such that

P(T, f + g:U) — P(T, f:U) > /X g(@)du(z), for all g € C(X,R),

We let 7T;(X,T;U) denote the set of all tangent functionals to P(T,-;U) at f.

PROPOSITION 6.1: The following holds.
1) M¢(X,T;U) is a non-empty, compact and convex set.
2) The extreme points of M (X, T;U) are precisely the ergodic members of
My(X,T;U).
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3) Let p € My(X,T;U) and pu = fME(X ) 6dm(6) be the ergodic decompo-
sition of y. Then for m-a.e. 6 € M¢(X,T), 8 € M (X, T;U).
4) Mp(X,T;U) =T;(X,T;U).

Proof: For each v € M(X,T), we let L(f,U,v) = h,(T,U) + [ f(z)dv(z).

1) By Theorem 2, M;(X,T;U) is non-empty. L(f,U, ) : M(X,T) — R is
an upper semi-continuous, affine map, by Theorem 1 . Hence M (X, T;U) is a
closed, convex subset of the compact metric space M(X,T).

2) Let u be an extreme point of M (X, T;U). To show that u is ergodic,
it is sufficient to show that p is an extreme point of M(X,T). Let
i, 2 € M(X,T) and a € (0,1) such that 4 = aps + (1 — a)uz. Then
aL(f,U,u1)+(1—a)L(f, U, u2) = L(f,U,n) = P(T, f,U). Tt follows from Theo-
rem 2 that L(f,U, pn) = L(f, U, o) = P(T, f,U). Hence p1, po € My#(X,T;U).
Since p is an extreme point of M (X, T;U), p1 = po = p. It follows that p is
an extreme point of M(X,T).

3) This follows from the following two facts: a) L(f,U,0) < P(T, f;U) for
each § € M*(X,T); b) fMe(X,T) L(f,U,0)dm(0) = L(f,U,u) = P(T, f;U).

4) We follow the arguments in the proofs of Theorems 9.14 and 9.15, [27]. Let
w€ Mp(X,T;U). By Theorem 2, if g € C(X,R), then

P(T, f+g;U) — P(T, f;U)
> hy(T.U) + /X (f + 9)(@)dpu(x) — (hu(T,U) + /X f(@)du())
~ [ s@u(o)
X

Therefore M (X, T;U) C T;(X, T; U).
Conversely, let u € T;(X,T;U). For any g € C(X,R) with ¢ > 0 and any
€ > 0, we have by Lemma 5.1 2) and 3) that

|+ adu== [ ~to+ e

> —P(T, f—(g+e);U)+ P(T, f;U)
> —[P(T, f;U) —min(g + €)] + P(T, f;U)
=ming + € > 0.

Hence |[ x 9dp > 0. This implies that p is a non-negative measure. To show
that u is T-invariant, we note by Lemma 5.1 6) that

n/X(gong)duéP(T,f+n(gong);U)*P(T,f;u):0
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for any n € Z and g € C(X,R). Hence, if n > 0 then [, goTdu < [ gdp and
if n <0 then [, goTdu > [y gdp. This shows that [, goTdu = [ gdu, ie.,
v is T-invariant.

Next, we show that p is a probability measure. Note that f ndy <
P(T,f+n;U)— P(T, f;U) = n for any n € Z. Hence if n > 1 then pu(X) <1
and if n < —1 then p(X) > 1. Thus u(X) = 1. Above all, p € M(X,T).

Now, since p € Tp(X, T;U), P(T, f+g;:U)— [ (f+g)du > P(T, f;U)— [ fdu
for any g € C(X,R). Hence, P(T,h;U) — [y hdp > P(T, f;U) — [ fdp for
any h € C(X;R). It follows from Theorem 2 and part a) of Theorem 3 that
h(T,U) = P(T, f;U) — [y fdu, ie., P(T, fiU) = hy(T,U) + [ fdp. Thus
MGMf(X,T;U). [ |

LEMMA 6.1: GivenU € C%, there is a dense subset C of C(X,R) such that each
function in C has a unique equilibrium state relative to U.

Proof: The lemma follows from Proposition 6.1 4) and the fact that a convex
function on a separable Banach space has a unique tangent functional at a dense
set of points (see [9], p. 450). |

Next, we discuss uniqueness of local equilibrium states. Recall that M(X,T)
forms a compact metric space under the weak™-topology. Let d be a compatible
metric of M(X,T) and Hy be the Hausdorff metric of 2XT). Given U € C%,
define

(6.1) Py C(X,R) — 2MED - @y (f) = My (X, T;U), feCX,R).
LEMMA 6.2: ®y; is upper semi-continuous.
Proof: Let f, — f in C(X,R) and u, € My, (X,T;U) with p, — u for some

peMX,T).
Since pn, € My, (X, T;U),

h#n(Tﬂu) + /X fn(x)dun(x) = P(Tﬂ fn;u)
Let n — oo in the above. It follows from Lemma 5.1 4) and Theorem 1 that
hTU) + [ f@)in(e) = P Fl)

By Proposition 4.1, pn € M (X, T;U). |
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PROPOSITION 6.2: For a given U € C%, f € C(X,R) has a unique equilibrium
state associated to U iff f is a point of continuity of ®;;. Moreover, the subset C
of C(X,R) such that each function in C has a unique equilibrium state relative
to U is a dense G set.

Proof: If M;(X,T;U) has only one point, then it is clear that @ is continuous
at f, as ¥y is upper semi-continuous.

Conversely, let ®;; be continuous at f € C(X,R). By Lemma 6.1 there exists
a sequence f, € C(X,R) such that f, — f and each My, (X,T;U) has only
one point. Since @y is continuous at f, M (X, T;U) has only one point.

Let C be set of points of continuity of ®;,. By Lemma 6.1, C C C(X,R) is a
dense subset. Since @, is upper semi-continuous, C is also a G set. |

We now discuss uniformity of local equilibrium states relative to a fixed U €
C%. Let
MX,T:Uy= | MHX,T;U)
feC(X,R)

denote the set of all equilibrium states relative to U.

LEMMA 6.3: Let f € C(X,R). Then for any uy € M(X,T) and € > 0, there
exist f' € C(X,R) and p' € M (X,T;U) such that

/ gdp — / gdy'
X X

17~ < | P st - (nran+ [ gau)].

Proof:  We follow the arguments of Theorem 3.16 and Remark 6.15 in [25].
By Lemma 5.1 4) and 5), P(T,-;U): C(X,R) — R is convex and continuous.
Since [y gdp < P(T,g;U) for all g € C(X,R), it follows from a general re-
sult of Bishop and Phelps (see [14], p. 112 or [25], A.3.6) on the denseness
of tangent functionals of a Banach space that there exists f* € C(X,R) and
weTy(X,T;U) = Mp(X,T;U) such that

[ — | = sup <e

geC(X,R),|lgll=1

and

[w—w <e

and

7= si< tpasan - [ gan- e {pagw - [ o)

geC(X,R)
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The lemma follows as inf cc(xr){P(T, g;U) — fx gdp} = h,(T,U), by Theo-
rem 3. |

PROPOSITION 6.3: The following holds.
1) The set M(X,T;U) of all equilibrium states relative to U is dense in
M(X,T).
2) For any finite collection of ergodic measures {1, fio, - - -, in} C M(X,T),
there exists a f € C'(X,R) such that {1, 2, -, pn} C Mp(X,T;U).

Proof: 1) Follows directly from Lemma 6.3.
2) We follow the arguments of Corollary 3.17 and Appendix A.5.5 in [25].
From 1), we know that there exist f € C(X,R) and u € M (X, T;U) such that

1
<
n

1
0=+ iz )

Let u = fME(Xj) 6dm(6) be the ergodic decomposition of p.

Note that w = m — L(8,, + -+ + 8,,,,) is a finite signed Borel measure on
M¢(X,T) and there are finite positive Borel measures w,,w_ on M¢(X,T) such
that w = w, —w_ and wy,w_ are mutually singular. Let v = fMe(X,T) Odw4 (0)

and v_ ) Odw_(0). Then v, v_ are mutually singular, finite, positive

= fMe(x,T
Borel measures on X and p — (1 + pi2 + -+ - + pin) = v4 — v_. Since

b= 2 s 4 a4+ )| = e = vl = ol o = v () + 0 ()
= Wi (ME(X,T)) +w (ME(X,T))
= il + ol = oy — |
= vl

we have that
<L
n
Hence m({pi}) > 0, i = 1,2,...,n. It follows from Proposition 6.1 3) that
1, -, iy are equilibrium states of f relative to U. |

1
2 s
Hm n(u1+ + un)

6.2. GLOBAL EQUILIBRIUM STATES. Let f € C(X,R). A member p of
M(X,T) is called an equilibrium state for f if

P(T.) = (D) + [ f@inta

We let M ;(X,T) denote the set of all equilibrium states for f. We note that
My (X,T) can be an empty set (see e.g., [13, 20]). But it is not hard to see
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that if hyop(T) = o0, then M (X, T) = {u € M(X,T) : h,(T) = c0}. So for
the rest of the section we assume that hiop(T') < 00.

A finite signed Borel measure p on X is a tangent functional to P(T,-) at
feC(X,R)if

P(T,f+g)—P(T,f)> /Xg(ac)d,u(ac) for all g € C(X,R).

We let 7;(X,T) denote the set of all tangent functionals to P(T,-) at f.
Define

MU(X,T) ={p € M(X,T): hg;(T) is upper semi-continuous at p},
MYUX,T) ={p e M(X,T):
there exist Uy, € C% with diam(U,) — 0, g, € C(X,R) with
llgn. — fll = 0, and p, € My, (X, T;Uy), such that p, — u},
M;Z(X, T) ={p € M(X,T) : there exist U,, € C% with diam(l,,) — 0 and
tn € My(X,T;U,), such that p, — u}.

It follows from the Hahn-Banach theorem that 7¢(X,T) is non-empty. It is
also easy to see that both M}Z(X, T) and le(X, T) are non-empty, closed,
and that /\/lj;l (X,T) C /\/llf(X7 T). The set M*(X,T) can be empty because
the entropy map hy.1(7T") needs not have any points of upper semi-continuity in
general. This is in fact the main obstruction for the existence of an equilibrium
state for f.

The general connections of these sets are the following.

PROPOSITION 6.4: The following holds.

1) My(X,T)CT;(X,T) C M(X,T).
2) TH(X,T) = N2y l({p € M(X,T) : hu(T) + [y fdu > P(T, f) — L}).
3) MyX,T)=T;X,T) N M“(X,T).
)
)

N

M4(X,T) = T;(X,T)
le(XT)mM“(XT) M(X,T).

Ut

Proof: 1) and 2) are precisely the Theorem 9.14 and the Remark of Theorem
9.15 in [27].

3) Using 2) we have that Tf(X T)NM™(X,T) C Ms(X,T). Now let p €
My(X,T), ie., hy(T) + [ f(@)du(z) = P(T, f). If p € M(X,T), pin — p,
then by (1.1),
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o (T) < </f (o) - [ 1z mn)

Hence limsup,,, o, ., (T') < hy(T), i.e., the entropy map hy.y(T) is upper semi-
continuous at . We thus have p € T¢(X,T) N M*(X,T).

4) Let € le(X,T) and let U, € C%, gn € C(X,R) and p, € Mgy, (X, T;U,)
be such that diam(U,) — 0, ||gn — f|| — 0 and g, — u. Then for any g €
C(X,R), we have

ie.,

P(T, gn + g;Upn) — P(T, gn;Un) = /X 9(z)dpn (),
and
P(T, g, +g) = P(T, g + g:Upn) > P(T, gn;Un) + /X 9(x)dpn(x)
> (P fth) = 1 = gul) + [ afa)dino)
By taking the limit n — oo, we have
P(T, f +g) > P(T, f) +/Xg(ac)du(ac), for all g(z) € C(X,R).

This shows that p € T;(X,T).
Conversely, let 4 € Tp(X,T). Then it follows from 2) that

(6.2) p € cl ({y EM(X,T): h / fdv>P(T,f) - })

for all n € N. Let d be a prescribed compatible metric on M(X,T). Without
loss of generality, we assume that d(61, 62) < ||01 —02|| for any 61,602 € M(X,T).
For each n € N, we have by (6.2) that there exists a u’ € M(X,T) such that

1
b [ gaw s P - o and dodon <
X

Then by Lemma 2.7, for each n € N, there exists a U, € C% such that
diam(U,,) < 1/n and

1
(L) = () = (o0 4 [ gt =P+ 25 ).
from which we have

P L)~ (Wt [ g} < P (ori) [ ) < o
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For each n € N, we apply Lemma 6.3 for ¢/, f and U,, to obtain p,, € M(X,T)
and f, € C(X,R) such that

1
Hun - MIH <-
n
1
152 = 11 < n( P10~ (mo@tt) + [ a)) < 2
Since d(pn, 1) < d(p, 1) + d(p', pn) < d(p, p") + ([0 = pal| < 2/n, we have

iy — p. Hence p € le(X, T).
5) follows immediately from 3) and 4). |

From the proof of part 4) of Proposition 6.4, we also have the following.

PROPOSITION 6.5: Given {V,,} C C% with diam(V,,) — 0. Let d be a prescribed
compatible metric on M(X,T). Then

/\/llf(X, T)={pe M(X,T): for any ¢ >0 and M € N there exist
gerr € C(X,R),L > M and penr € My, ,,(X,T;Vy) such that
Ige.ns = fII < € and d(p, pre,nr) < €}

We remark that points of le(X ,T) need not be equilibrium states for f in
general. But Proposition 6.4 4) asserts that p € /\/llf(X7 T) is an equilibrium
state for f iff it is a point of upper semi-continuity of hy.y(T). This gives
a necessary and sufficient condition for a point of le(X ,T) to become an
equilibrium state for f. Of course, such a condition needs not be satisfied in
general. One exception is the case when the entropy map hy.y(T') can be realized
by local ones in the sense that there exists a U € C% such that

(6.3) ho(T,U) = h,(T) for all pe€ M(X,T).

Define

hM (Ta u) = Sup (hll (T) - hH (Tvu))a Ue Cg(
HEM(X,T)

Then it is clear that K™ (T,U) < KM (T, V) whenever U = V. Moreover, (6.3)
holds for an U € C% iff WM (T,U) = 0. Also define

My — M
h(T) 7ulencf§(h (T,U).

Then hM(T) = 0 gives a weaker notion of realization of the entropy map by
local ones. By Lemma 2.10, we have

(6.4) 0 < RM™(T,U) < WT|U),U €C%, and 0<hM(T)<h*(T),
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where h*(T') = infyece h(T|U) is the conditional entropy of 7.

PROPOSITION 6.6: If WM (T,U) = 0 for someU € C%, then for each f € C(X,R)

(6.5) ME(X,T) = MY(X,T) = Ty(X,T) = My (X, T).

Proof: Note that the condition h™ (T,U) = 0 implies that (6.3) holds. It follows
from Theorem 1 that the entropy map hyy(T)(= hqy(T,U)) : M(X,T) — R
is upper semi-continuous. Hence M*(X,T) = M(X,T). By (1.1), (6.3), and
Theorem 2, we also have P(T, f;U) = P(T, f) for each f € C(X,R). Hence
Mp(X,T) = Mp(X,T;U) and T3(X,T) = T4(X,T;U) for each f € C(X,R).
It follows from Proposition 6.1 4) and Proposition 6.4 3) that /\/llf(X, T) =
Tr(X,T) = Ms(X,T) for each f € C(X,R).

Let {U,} C C% be a sequence such that U, = U for each n and diam(U,,) — 0.
It follows from (6.3) that h,(T,U,) = h,(T) for all n and all p € M(X,T).
Again, by (1.1) and Theorem 2, we have P(T, f;U,) = P(T, f) and hence
Mp(X,T) = My(X,T;U,) for all n and f € C(X,R). This shows that for f €
C(X,R), M5 (X,T) 2 M¢(X,T), and hence M$(X,T) = Ms(X,T). ]

LEMMA 6.4: h™(T) = 0 iff the entropy map hy.y(T): M(X,T) — R is upper

semi-continuous.

Proof: Let hM(T) = 0. Fix a p € M(X,T). For any given € > 0, we let
V € C% be such that hM (T, V) < e. Since hi1(T,V) is upper semi-continuous,

limsup h, (T) < limsup h, (T, V) + € < h, (T, V) + € < h,(T) + €.
v—u B
Since e is arbitrary, limsup,_,, b, (T) < h,(T). This shows the upper semi-
continuity of the entropy map h.y(T).
Conversely, let h;y(T) : M(X,T) — R be upper semi-continuous. If
RM(T) > 0, then there are sequences {U,}°; C C% with diam(U,) — 0 and
{pn e, € M(X,T) such that

hM(T)

hun (T) - hun (Ta Un) Z 9

for all n.

Without loss of generality, we assume that U, 1 = U,, for all n.
By taking subsequence if necessary, we let u,, — p in the weak*-topology. Fix
m € N. For any n > m, we have

My (T) = by, (T, Ui ) > by, (T) = by, (T, Un) > BY(T) /2.
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Letting n — oo, it follows from the upper semi-continuity of hyy(7T") and
by (T, Up) that h,(T) — hu(T,Un) > RM(T)/2 > 0. But since h,(T) <

hiop (T') < 00, limy, o0 (hy (T') — hyu (T, Uy,)) = 0, a contradiction. ]
PROPOSITION 6.7: If hM(T) = 0, then

MY(X,T) = T;(X,T) = My(X,T).

Proof: By Lemma 6.4, the entropy map hyy(T): M(X,T) — R is upper
semi-continuous, i.e., M*(X,T) = M(X,T). The proposition now follows from
Proposition 6.4 3)-5). |

We note that the condition hyop(T) < 00, a priory assumed at the beginning
of the subsection, is actually implied by the condition h™(T) = 0. Indeed, if
hM(T) = 0, then there exists a U € C% such that h™ (T,U/) < 1. Since

WYTU) 2 sup (h(T) = heop(T.U)) = heap(T) — heap(T, 1),
PEM(X,T)

we have
Piop(T) < WM (T, U) 4 hiop (T, U)) < 1 +log N(U) < oo.

We now discuss two classes of weak expansive systems: the h-expansive and
asymptotically h-expansive systems, introduced by Bowen [6] and Misiurewicz
[20], respectively. Given n € N and € > 0. A subset E C X is said to
(n, €)-spans another subset F' C X (with respect to T), if for each y € F there
is an x € E so that d(T*(x),T*(y)) < e for all k =0,1,---,n. For a compact
subset K C X, we let r,(K,€) = r,(T, K,e) = min{card F : E(n,€)-spans K}.
Define

h(T, K) = lim limsup % logr, (K, ¢).

€~V n—oco

It is well known that hyop(T) = h(T, X). Let
O (z)={ye X :d(T"(x), T"(y)) < e for n >0}

and define

hip(e) = sup MT, @c()).

(X,T) is called h-expansive if there exists an € > 0 such that h¥.(e) = 0, and
is called asymptotically h-expansive if lim._,o h}.(¢) = 0.

It is shown by Bowen [6] that expansive systems, expansive homeomorphisms,
endomorphisms of a compact Lie group, and Axiom A diffeomorphisms are all
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h-expansive, by Misiurewicz [22] that every continuous endomorphism of a com-
pact metric group is asymptotically h-expansive if its entropy is finite, and by
Buzzi [8] that any C*° diffeomorphism on a compact manifold is asymptotically
h-expansive.

The following characterization is given by Misiurewicz ([20]).

LEMMA 6.5: The following holds.
1) IfU,V € C%, diamU < € < 6/2, where § is the Lebesgue number for V,
then h(TIU) < hix(c) < h(T|V);
2) (X,T) is h-expansive iff there exists a U € C% such that h(T|U) = 0;
3) h*(T) = lime_ hX(€). Consequently, (X,T) is asymptotically h-expan-
sive iff h*(T) = 0.

Proof: See [20], Lemma 2.1 and Corollary 2.1. [ |

Another characterization of asymptotically h-expansivity was recently given
by Boyle and Downarowicz [BD] as the following: (X,T) is asymptotically h-
expansive iff it has a principal extension to a symbolic system.

PROPOSITION 6.8: The following holds.
1) If(X,T) is h-expansive, then there exists ald € C% such that h™M (T, U)= 0.
Consequently, Proposition 6.6 holds for an h-expansive TDS.
2) If (X,T) is asymptotically h-expansive, then h™ (T) = 0. Consequently,
Proposition 6.7 holds for an asymptotically h-expansive TDS.

Proof: 1) Let (X, T) be h-expansive. Then by Lemma 6.5 2), there exists ald €
C% such that h(T|U) = 0. It follows from Lemma 2.10 that h,(T) = h,(T.U)
for all p € M(X,T), i.e., KM(T,U) = 0.

(2) Let (X,T) be asymptotically h-expansive. Then by Lemma 6.5 3) and
(6.4), we have 0 < hM(T) < h*(T) = 0, i.e., M (T) = 0. [

We remark that, based on discussions of upper semi-continuity of the entropy
map, the existence of global equilibrium states and the equality 7;(X,T) =
M (X, T) are essentially known for an expansive TDS or an expansive home-
omorphism (see [7, 24, 25]), and, more generally, for an asymptotically h-
expansive TDS (see [22]). Our results give a general treatment on both h-
expansive and asymptotically h-expansive cases with respect to these issues by
making use of local entropies and pressures, and in the meantime provide more
information on the characterization of global equilibrium states.
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